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Learning Automata with Changing Number
of Actions

M. A. L. THATHACHAR anp BHASKAR R. HARITA

Abstract — A new reinforcement scheme based on the linear reward-
inaction updating algorithm is presented for a learning automaton whose
action set is changing from instant to instant. A learning automaton using
the new algorithm is shown to be both absolutely expedicnt and e-optimal.
The simulation results verify the e-optimality of the algorithm. The results
can be extended to the design of general nonlinear absolutely expedient
learning algorithms.

I. INTRODUCTION

The study of deterministic automata operating in a random
cnvironment was initiated by Tsetlin [1] to model the behavior of
biological systems. This was extended by Varshavskii and
Vorontsova [2] to an investigation of variable structure stochastic
automata. These automata are now called learning automata and
their theory has been extensively developed over the last few
years. Many basic results are documented in a survey [3]. a
special journal issue [4]. and a book on the subject [5].

At every instant, the learning automaton chooses an action on
the basis of a probability distribution over a finite and fixed set
of actions. The response received from the environment is used to
update the action probabilities using a reinforcement scheme or
learning algorithm. Through this process of interaction with the
environment the automaton learns to choose. asymptotically with
a high probability, the optimal action. The learning algorithm has
to be suitably designed to get a desired asymptotic behavior from
the automaton. Two performance measures of learning automa-
ton that have been extensively studied are e-optimality and
absolute expediency [3]-[5].

However, nearly all research so far has dealt with the Iearning
behavior of automata that have action sets that contain a fixed
number of actions. The objective of this correspondence is to
consider the performance of learning automata with changing
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Fig. 1. Directed network with random edge weights

number of actions. In such automata, the set of available actions
at every instant need only be a subset of the complete set of
actions and could change from instant to instant. It is assumed
that an external agency selects a subset at each instant on the
basis of a probability distribution defined over all the possible
subsets. This probability distribution can change with time. The
mechanism of selection of an action subset by the external
agency need not be known to the automaton.

The need for studying learning automata with changing num-
ber of actions arose from the work of Ramakrishnan and
Thathachar [6}, who proposed an automaton model for the CPU
job scheduling problem. In this model the behavior of jobs is
characterised by a random CPU burst followed by a random
delay to simulate I/0 and paging. The N jobs present in the
system are identified with the N actions of the automaton
scheduler. Initially the action probabilities are equalized. an
action (job) is selected, and assigned the CPU. The normalized
CPU burst duration is the response of the stationary random
environment and is used to update the action probabilities. Once
a job relinquishes the CPU, it is no longer available for some
time to use the CPU and this is modeled by its re-entry into the
CPU queue after a random delay. As the jobs randomly leave
and re-enter the queue, the effective number of actions of the
automaton available for choice is time varying. When a job has
satisfied all its CPU requirements it leaves the system. A new job
enters the CPU queue and the action probability vector is suit-
ably adjusted. Using conventional learning algorithms with cer-
tain ad hoc changes, Ramakrishnan and Thathachar conducted
simulation studies on the automaton scheduler. However. they
did not attempt any analysis of the problem.

Learning automata with changing number of actions are also
relevant in the modeling of the optimal path protlem in stochas-
tic networks [7]. Such networks, whose edge weights are random
variables with unknown distribution functions, have one learning
automaton at cach node whose out-degree is greater than one.
The actions of each automaton are the outward directed edges
from the node. A path through the network is a sequence of
actions from a distinguished start node to a goal node avoiding
cvcles or closed paths. The optimal path has the minimum
expected weight among the set of all paths. The present authors
have designed distributed learning algorithms. using which the
network of automata converges to the globally optimal seguence
of actions.

In the network of Fig. 1, there are automata at the nodes
labeled 1. 2, 3. 4 and 5. An edge from node ¢ to node b is
represented by the ordered pair (a. b). The edges (2.2) and (2.5)
arc bidirectional.

The actions of an autornaton at an intermediate node in the
network depend on how that node was reached from the start
node. For example consider the actions of the automaton at node
2. If the partial path to node 2 is constituted by the edge (1.2).
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the actions available for choice by the automaton are the edges
(2,3). (2,4) and (2.5). When the partial path consists of the
sequence of edges (1,3), (3,2) the available actions are the edges
(2,4) and (2,5). When the partial path is (1,3), (3,5). (5.2) the
only available action at node 2 is (2,4), as cycles are not per-
mitted. This example, although simplistic, demonstrates the need
for automata with changing number of actions. One could at-
tempt to avoid the varying action set by having a number of
automata at node 2, one corresponding to each partial path.
However, each of these automata would be active only when the
corresponding partial path is chosen. Thus the automata would
be updated less frequently and could take a longer time to
converge in comparison with the single-automaton case.

In this correspondence, a learning algorithm suitable for an
automaton with a changing number of actions is presented. This
algorithm is based on the well-known L, _, reinforcement scheme
[3]-[5] and is called the variable action set L,_, algorithm. An
automaton with a fixed number of actions using the conventional
L, _, scheme is known to be absolutely expedient and e-optimal
[S]. [8]. It shall be proven that even with a changing number of
actions, an automaton using the new algorithm continues to
display both properties. From the simulation results it is ob-
served that in all trials where a sufficienily small value of the
updating parameter was used, the optimal action is asymptoti-
cally chosen verifying e-optimality of the variable action set
Lg_, algoritl:n.

After a brief introduction to learning automata in Section II,
the new algorithm for a single automaton is presented in Section
II1. In Section IV we prove the absolute expediency and e-opti-
mality of the algorithm. Simulation results are discussed in
Section V, while conclusions are presented in the last section.

II. LEARNING AUTOMATA

A learning automaton is a stochastic automaton that is con-
nected in a feedback loop with a random environment. A sto-
chastic automaton can be denoted by the quadruple (V. P, T, R).
V={a,,a,,a;3, -+, ay} is the set of all actions of the automa-
ton, 2 < N <. a(k) denotes the action chosen by the automa-
ton at the instant k. P denotes a probability distribution over V
and is defined at the instant k by the vector p(k) given by

p(k)= [Pl(k)»Pz(k)’Ps(k)v“'qP.\'(k)]

where

p.(k) =prob[a(k) =a,]
and

N
Y p(k)=1.vk.
i=1

p(k) is called the action probability vector.

R is the set of reactions of the environment. 8(k) denotes the
reaction at instant & and B(k)€ R, for all k. A P-model
environment shall be considered, with R = {0.1}. B(k) is binary
valued with (k) =1 being called a penalty while B(k)=01is a
reward.

Associated with each action a, € V. is a penalty probability ¢,,
defined as

¢, = prob[ B(k) =1la(k) =a,]

In this paper only stationary environments in which the ¢, are
independent of k shall be considered. Let ¢, = min, {c¢,}. «, is
the optimal action.

T is the updating operator defined by

p(k+1)=T(p(k).a(k),B(k)).

algorithm or reinforcement scheme.
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In order to judge the effectiveness of a given automaton there
are several performance measures and two of them are as follows.

1) eoptimality [3]: A learning automaton is said to be e-opti-
mal if for any given € > 0, we can have

liminf P, (k) >1-¢

with probability 1 as k = by suitable choice of the
parameters of the learning algorithm.

2) Absolute expediency [3], [8]: A learning automaton is said
to be absolutely expedient if

E[M(k+1)|p(k)} < M(k)

for all k, all p € S and in all stationary random environ-
ments except in the trivial one where ¢, = ¢, for all i, j,
where

N
M(k) =E[B(k)Ip(k)] =X p,(Kk)c,
=1
is the expected penalty at the instant k from the environ-
ment and

N
s=lpin>0.% p-1)

\ i=1 /

is the N-dimensional open simplex.

Absolute expediency implies that the average penalty M(k) is
a super martingale and the corresponding algorithm has good
convergence properties. Necessary and sufficient conditions for
the design of absolutely expedient algorithms are available [8]. It
has also been shown that absolute expediency results in e-opti-
mality in all stationary random environments [5].

One of the most extensively studied reinforcement schemes is
the linear reward-inaction ( L, _,) scheme [3] that can be written
as

p(k+1)=p(k)+a(l-p(k)): a(k)=e, B(k)=0

=p(k): alk)=ea,. B(k)=1
=p,(k)—ap{k): Jj*i.a(k)=a, B(k)=0C
=p(k): j#i.a(k)=a,. B(k)=1,

where 0 < a <1 is the updating parameter.
An automaton using the L, , scheme is eoptimal in all
stationary random environments and also absolutely expedient

[5]. [8].

III.  VARIABLE ACTION SET L, _; LEARNING ALGORITHM

In this section a learning automaton with a changing number
of actions (variable action set) that uses an L, , type rein-
forcement scheme is considered. Such an automaton has a finite
set of N actions, V= {a,.a;,a;.---,ay }. However, at cvery
instant k, only a subset V(k) consisting of 1,2.3,--- or N
actions is available for choice. The selection of the particular
action subset V(k) is made by an external agency. at random,
according to a probability distribution Q(4) defined over all the
possible subsets of actions. The automaton chooses an action
a(k) € V(k), at random according to a probability distribution
p (k) defined over V(k). The action chosen elicits a binary valued
reaction B(k) from the P-model environment. The automaton
then computes p(k +1) using the variable action set L, , learn-
ing algorithm and the cycle repeats.

Before the algorithm is presented. consider the following nota-
tions used and state the assumptions made.

1) At the instant &,

a(k) action chosen by the automaton
B(k) binary valued reaction of the environment,
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p(k) action probability vector defined over the

set of all actions V,

is the subset of actions selected by an external

agency.

2) The actions are numbered from 1 to N and the complete
set of actions is denoted by V= {a;,a1,0;,- -, ay}. V,
represents the ith action subset where 1 <i <2V —1 (there
are 2" —1 nonempty subsets). Index i is assigned by or-
dering the subsets in a lexicographic manner beginning
with the single-action subsets, then the double action sub-
sets - -+, and ending with the complete set of actions V.

For example, if V= {a;,a,,a;} where N =3, the sub-
sets are ordered as

N={a}. Vh={as},
Vi={ay,a3},

3) The equation

V(k)

i={a;}, Vi={a.a;},
Ve={ana}, Vo=V={a,a,0a,}.

q.(k) =prob[V(k) =V]

represents the probability of selecting the ith action subset
at the kth instant, where i <i < 2" —1, the selection being
done by an external agency.
Further,
2V -1
Y q(k)=1, Vk.

i=1

The probability distribution Q(k), defined over all the
possible action subsets is

Q(k) ={aq(k).q:(k).q:(k).--

where W=2"-1.
4) The equation

'-‘]u-l(k)-qu'(k)}

K(k)= X p/(k)

1
a, € V(k)

represents the sum of the probabilities of the actions of the
subset V(k) at the instant &.

S) p,(k)=p,(k)/K(k) is the scaled probability of action «,
in the subset V(k) when a, € V(k). We have

P, (k) =pr0b[a(k) =a,|V(k),a,€ V(k)]

since it is the probability of choosing the ith action from
V(k), conditioned on the event that the subset V(&) has
already been selected and «, belongs to this subset. We
define

p(k)={p.(K)}.

which is the scaled probability distribution over V(k).

Vi such that a, € V( k),

We now state the following assumptions:

Assumption 1: The selection of the particular action subset at
cach instant is made randomly by an external agency in accor-
dance with an unknown probability distribution Q(k).

Assumption 2: At least one of the action subsets containing
more than one action must have a nonzero probability of being
selected.

Comments

a) The first assumption implies tiat the selection of the action
subsets is not necessarily connected in any way with the oper-
ation of the automaton. The distribution @(A) can change from
instant to instant in an unknown and arbitrary manner.

b) Assumption 2 is reasonable since its nonsatisfaction would
make the problem trivial, as updating is not required for single-
ton subsets.
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Algorithm 1

Consider a time instant k, k=0,1,2,---V(k) is the action
subset selected.

The choice of action a(k) at instant k and the updating of
p (k) proceeds through the following stages

1) Form
K(ky= X p(k)

1
a, € Vik)

2) Scale the probabilities of the actions in the chosen subset.
For all 4, such that «, € V(k). do

b.(k)=p,(k)/K(k).

3) Choose an action a(k) from V(k), at random according to
the scaled probability vector p(k).
4) Update p(k) as follows:

b(k+1) =p,(k)+a(1-p,(k)):
a(k) =a,. B(k) =0
=p,(k):  a(k)=a, B(k)=1
=p,(k)—ap,(k):
j#*q.a(k)=a, B(K)=0
=p,(k): Jj*q.a(k)=a,.B(k)=1
where
a,.a €V(k)
and
p(k+1) =p,(k):

The updating parameter a lies in (0,1).
5) Rescale the action probabilities of the actions of the chosen
subset. For all i. such that a, € V' (k). do

p(k+1)=p(k+1)-K(k).

V¢ such that a, € V( k).

Comments

a) The second stage of the algorithm involves the scaling of the
action probabilities of V(k). a feature drawn from the work of
Luce [9]. Since the choice of an action at the instant A is only
from among the members of the subset V'(k). it is natural to
scale the action probabilities in a manner that retains the original
ratios the action probabilities bear to one another in the complete
set of actions. It simultaneously ensures that the components of
p(k) sum to unity. This is achieved by dividing each action
probability in V(k) by the sum of all the action probabilities in
V(k), that is the term K(k).

b) The fourth stage of the algorithm is the L, , scheme
applied to the scaled action probability vector p(4&).

¢) When the initial action probabilities are in the open simplex,
the fourth stage of the algorithm ensures that forall i.1<i < N,
P, (k) would tend to either zero or unity onlv asvmptotically.
Hence for all finite &, the divisor term K(A) would be nonzero.

However, during the simulations it was noticed that in some
trials the smallness of K(k) resuled in floating point underflow.
This problem was avoided by rewriting Algorithm 1 in the
following more elegant form:

Aliternate Form of the Algorithm
1) Form
K(khy= ¥

!
a €k

p.Ak).
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2) Update p(k) as follows. For all g, such that a, €V (k).
do

p(k+1)=p,(k)-ap,(k)+aK(k):

a(k) =a,. B(k) =0
=p,(k);  a(k)=a, B(k)=1
=p,(k)—ap,(k):

j#4q, a(k)=a,,B(k)=0, a, €V(k)
=p,(k):
j*q.a(k)=a,, B(k)=1.a,€V(K).
For all i, such that a, & V(k)

p(k+1)=p(k).

The updating parameter a lies in (0,1).

This algorithm is obtained by combining the last four
stages of Algorithm 1 and does not contain K(k) as a
divisor term. It differs from the conventional L, , scheme
only in the first updating step when a(k)=a, and a
reward (B(k) = 0) is obtained.

IV. ANALYSIS OF ALGORITHM 1

It is known that when the action set is invariant a learning
automaton using the L, _, updating scheme is absolutely expedi-
ent and e-optimal in all stationary random environments. In this
section it will be shown that an automaton using the variable
action set L,_, updating scheme continues to be both absolutely
expedient and e-optimal.

Absolute Expediency
First to be shown is that

AM(K) <0
where
AM(k)=E[M(k+1)—- M(k)|p(k)]
and
N
M(k) = L ep(k)

is the average penalty at instant k.
Proof: Consider a time instant k. Let V(k)= V, be the
action subset selected.

If @, € V(k), then from the fourth stage of Algorithm 1 we
have

E[p.(k+1)= p,(k)ip(k).V(k) =V,]
=a(1-p, (k) p.(K)(1~ )
—ap (k) L pk)(1-¢,)

gFi
a, €V(k)

=ap(k)(1-¢) X pk)

g+
agél"(l\)

Z ﬁg(k)(l_‘.g)

g+
a, € V(k)

X h(k)e—¢). (1)

g#1
a, € V(k)

~ap,(k)
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Now from the second stage of Algorithm 1,
p,(K) = p, (k) /K(k)
for all ¢, such that &, € V(k). Since V(k) =V,
p,(k)=p,(k)/K,(k) (2)
for all g, such that a, € V(k). where
K (k)2 ; py(K).
a, €V,

Then (1) can be rewritten as.

E[ p(k+1)= p,(K)Ip(k).V(Kk)=V]
d

=———p(k) X p(K)e,=¢). (3)
[K/(k)]- gF1 ‘ »
a, €V (h)=T,
Let
W=2%-1.
Now
E[p,(k+1) - p,(K)p(k)]
W
= Y E[p(k+1)=p,(k)Ip(k).V(k)=V]
J=1
-prob[V(k) =] (4)
and

E[ p(k+1)=p,(k)Ip(k).V(k) =V
=K, (k)-E[ p(k+1)= p(K)lp(k).V(K) =V]. (5)
Using result (5) in (4)

[T
E[p(k+1)=p,(K)Ip(k)]= X q,(k)
j=1

K,(k)-E[ p,(k+1) = p,(K)p(k).V(K) =V] (6)

is obtained.

The summation in (6) is taken over all the possible subsets
ordered in a lexicographic manner beginning with the single-
action subsets and ending with the complete set of actions.
V =V,.. However, it is to be noted that for all the single-action
subsets and others that do not contain the action «,. the corre-
sponding term,

E[p,(k+1)=p(k)Ip(k).V(k)=V,] =0.
Then. (6) can be rewritten as

Elp(k+1)=p,(K)Ip(k)]= X

=N
(a,€¥,

q,(k)
= 1
a, )
-K,(k)-E[ p(k+1) = p(K)lp(k).V(K)=V] (7)

where the summation excludes the first N single-action subsets
and those that do not contain «,.
Substituting result (3) in (7) we have

E[ p.(k+1)= p,(k)Ip(K)]

&q,(k)
= k AA) (e, —¢). (8
« & Rt Lk ®
(a, €1 o, €1
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By definition,

AM(k) = S\llv,f:[p,(k+1)—p.(k)|p<k>] )
N W :
= aEl /}:"ﬂ Z—’I((%p,(k) _E, p(k) ¢ e, — ).
(a,€ 1) a, €l
(10)
A M (k) can be equivalently expressed in the quadratic form [8}
p(k)D(k)p"(k)

where
p(k) =[p (k). py (k). pi( k). - Po(k)]
and D(k)is a N X N symmetric matrix with

d,=0
(c,=¢) ¥ g,k
d,=-a——"— ¥ X.(k)
-~ m=N=+1 m

where m is such that, a,.a €V, . By our second assumption
q.,(k) = 0, for at least one subset ¥, , where N+1<m<2' -1
Hence for all nontrivial environments (¢, # ¢,, some j #i). D(k)
has some negative elements. Thus. if the initial action probabili-

ties lie in the open simplex, the quadratic form
AM(k) =p(k)D(k)p'(k)<O.

which completes the proof that an automaton using the variable
action set L, , updating scheme is absolutely expedient.

€-Optimality

It is known that a learning automaton with a fixed number of
actions is e-optimal in all stationary random environments when
it uses the L, , reinforcement scheme [5]. In the present con-
text, the selection of an action subset is equivalent to the selec-
tion of a learning automaton with a fixed number of actions and
updating within this subset takes place according to the L ,
scheme (stage 4) of Algorithm 1. Then e-optimality within the
subset would follow provided the subset is chosen an infinite
number of times. Thus additional assumptions are needed on the
selection probability distribution @(k). Let us suppose that the
following assumptions are satisfied.

Assumption 3: There exists a collection of action subsets, each
of which contains the optimal action and whose union is I, the
set of all actions.

Assumption 4: Each subset V, of the collection in Assumption
3 is selected with a positive probability at all times instants (i.e.,
q,(k)=¢,> 0 for all & for each of these subsets }}).

We now show that under the above assumptions, e-optimality
follows.

Assumption 4 ensures that each subset in the collection is
selected an infinite number of times. As argued earlier. in each
subset of the collection, the scaled-action probability p, (k) of
the optimal action a, tends to unity with probability 1 - €. Since
the collection includes all the actions in V by Assumption 3.
P, (k) emerges with a unity value when it is updated along with
every other action probability of the actions in . Thus. all the
scaled-action probabilities p, (k) (i # L) tend to zero and conse-
quently the unscaled action probability p, (k) =1 with a prob-
ability arbitrarily close to unity. Hence the learning automaton
using the variable action set L, , scheme is e-optimal in all
stationary random environments.

It mav be of interest to note that Assumptions 3 and 4 are
automatically satisfied in the special case when 1°. the complete
set of actions is selected with a positive probability at all instants.
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TABLE 1
SIMULATION RESULTS FOR THE VARIABLE ACTION
SET Lg . ; ALGORITHMY
Updating Parameter Average Number Wrong Convergences

a of Iterations Out of 50 trials
0.01 1179 0
0.05 226 0
0.1 117 0
0.5 14 21

“Total number of actions equals 5. Selection probability of class of
subsets (number of actions in each member of the class): 0.03 (1)
0.07 (2): 0.1 (3): 0.1 (4): 0.7 (5).

TABLE I
SIMULATION RESULTS FOR THE VARIABLE ACTION
SET Ly _ ; ALGORITHM"

Updating Parameter Average Number Wrong Convergences

a of Iterations Out of 50 trials
0.01 1717 0
0.05 334 0
0.1 172 0
0.5 27 21

" Total number of actions equals 5. Selection probability of class of
subsets (number of actions in each member of the class): 0.1 (1): 0.15
(2): 0.2 (3): 0.25 (4): 0.3 (5).

TABLE 111
SIMULATION RESULTS FOR THE VARIABLE ACTION
SET L, _ ; ALGORITHM®

Updating Parameter Average Number Wrong Convergences

a of Iterations Out of 50 trials
0.01 2655 0
0.05 495 0
0.1 225 0
0.5 7 7

¢ Total number of actions equals 5. Selection probability of class of
subsets (number of actions in each member of the class): 0.1 (1): 0.2
(2): 0.4 (3): 0.2 (4): 0.1 (5). The penalty probabilities of the P Model
environment are: 0.7: 0.8: 0.1: 0.6: 0.75.

V. SIMULATION RESULTS

In this section results of computer simulations of the variable
action set Ly _, type algorithm are presented. The objective of
the simulations was to study the asymptotic behavior of the
algorithm and in particular to find out whether the automaton
chooses the optimal action asymptotically.

Tables I, II and III display the simulation results for three
different @ distributions. The 2° —1 possible nonempty subsets
of the five-action automaton considered are divided into classes
with each class containing subsets with equal number of actions.
Subsets belonging to a particular class have the same probability
of selection. This is achieved in simulation by choosing the
actions of a subset belonging to the particular class. randomly
from the set of all actions.

The penalty probabilities of the P-model environment used are
given at the end of the tables. Fifty experiments. each consisting
of 3000 iterations were performed for each value of the updating
parameter a. The average number of iterations taken for p,
(optimal action probability) to be greater than 0.99 is shown in
the tables as are the number of wrong convergences.

The last column in the tables demonstrates how the accuracy
of the variable action set Ly , algorithm suffers when we
increase the value of a to improve the speed of convergence.
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Further, for the same value of a, we observe that the average
number of iterations is less for the case where the selection
probabilities of each class of actions is biased towards the set of
all actions (Table I) than when it is not (Tables II and III). This
reiterates that global optimality is better achicved when the
complete set of actions is selected more often.

The floating point underflow problem was avoided by using
the alternate form of Algorithm 1.

It is evident from the simulations that in all trials where the
updating parameter a was sufficiently small, the optimal action
was asymptotically chosen, verifying the e-optimality of an au-
tomaton using the new algorithm.

V1. CONCLUSION

In this correspondence it has been shown that a learning
automaton with a changing number of actions can be made
absolutely expedient and e-optimal by using a modified version
of the Lg., algorithm. The e-optimality of the algorithm was
shown under certain additional assumptions on the selection
probabilities of subsets containing the optimal action. The simu-
lation resuits verify the property of e-optimality. The results of
this paper can be extended to the design of general nonlincar
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absolutely ecxpedient algorithms for learning automata with
changing number of actions.
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